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We propose a cooperative asymmetry-induced transparency, CAIT, formed by collective excita-
tions in metamaterial arrays of discrete resonators. CAIT can display a sharp transmission resonance
even when the constituent resonators individually exhibit broad resonances. We further show how
dynamically reconfiguring the metamaterial allows one to actively control the transparency. While
reminiscent of electromagnetically induced transparency, which can be described by independent
emitters, CAIT relies on a cooperative response resulting from strong radiative couplings between
the resonators.
Electromagnetically induced transparency (EIT), a re-
sult of destructive interference between different excita-
tion paths, causes an otherwise opaque collection of elec-
tromagnetic (EM) emitters to become transparent over
a range of frequencies. In atomic gases, interference be-
tween atomic level transitions prevents the excitation of
a transition that scatters incident light [1–3]. This in-
terference abruptly alters the dispersion relation for fre-
quencies in the transparency window, providing a mecha-
nism to slow [4] or even stop light for later retrieval [5, 6].
Slow and stopped light pulses have lead to applications in
sensitive magnetometry [7–10], all-optical switching [11],
and quantum memories [12–15].
Several theoretical proposals [16–19] and experimental
realizations [20–28] have transferred the idea of EIT in
independently scattering atoms to metamaterial arrays
of circuit elements. In these artificially structured ma-
terials, the unit-cell resonators (meta-molecules) play a
role analogous to atoms in conventional EIT. A transmis-
sion resonance forms via coupling between two modes of
plasmonic excitations in independently scattering meta-
molecules: a bright mode that strongly radiates and a
dark mode with a narrower radiative linewidth. Broad
radiative linewidths of nanofabricated circuit elements,
however, can severely limit the quality of EIT-like trans-
mission resonances in independently scattering meta-
molecules.
Recent studies [29–33] have shown that, rather than in-
dependently, certain systems of closely-spaced resonators
respond cooperatively to an incident field. In particu-
lar, interactions between resonators that are mediated
by scattered EM fields result in collective modes of res-
onator excitations [29], several of which have significantly
narrowed radiative linewidths.
In this Letter, we show how to exploit such collec-
tive modes to realize a cooperative transmission reso-
nance. We propose a cooperative asymmetry-induced
transparency (CAIT) in metamaterials. Unlike trans-
mission resonances based on independent scatterers, the
bright and dark modes in CAIT are collective. Specifi-
cally, the dark mode possesses a cooperatively narrowed
resonance linewidth. This narrowing leads to a sharp res-
onance of high transmission, even though the resonators
forming the metamaterial would individually, in isola-
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FIG. 1. (Color online) A schematic illustration of CAIT in
an array of ASRs. The inset shows symmetric (antisymmet-
ric) currents in the ASR meta-atoms producing electric (mag-
netic) dipoles along dˆ (mˆ). The PME (PMM) mode is illus-
trated in the upper left (upper right), and has a decay rate
γE (γM). An incident wave couples an unexcited (lower) ar-
ray to the PME mode with strength FE, while asymmetry δω
induces a coupling between the PME and PMM modes. The
grey lines represent other collective modes.
tion, exhibit broad resonances.
The transmission resonance is sensitive to the size of
the system and the specific resonator configuration. Lim-
ited only by intrinsic nonradiative losses, the transmis-
sion resonance and group delay of a transmitted pulse can
become progressively narrower and longer, respectively,
with increasing size of a two-dimensional (2D) metamate-
rial array. In a 205× 205 array, for example, we estimate
the resonance width (pulse delay) to be approximately
Γ/1000 (1600/Γ), where Γ is the linewidth of a single
isolated resonator. Furthermore, changing relative posi-
tions of the resonators alters the EM mediated interac-
tions between them, and hence the cooperative material
response. We show that using reconfigurable metama-
terials [34, 35], in which one can dynamically shift the
layout of the metamolecules, allows one to actively con-
trol the transparency.
To illustrate CAIT, we consider a 2D array of asym-
2metric split rings (ASRs) [31, 36], consisting of pairs of
concentric circular arcs (Fig. 1). The setup is closely re-
lated to recent transmission resonance experiments [31].
In each ASR, currents can flow symmetrically, produc-
ing a net electric dipole along the direction dˆ, or an-
tisymmetrically, producing a net magnetic dipole along
mˆ. CAIT forms from the coupling between two phase-
coherent collective modes of ASR excitations that are
phase-matched with an incident EM plane wave prop-
agating perpendicular to the array. The incident field
drives the phase-matched electric (PME) mode, domi-
nated by all electric dipoles oscillating in phase, while
the phase-matched magnetic (PMM) mode, consisting al-
most entirely of magnetic dipoles perpendicular to the ar-
ray, does not directly couple to the incident field. In an
array with subwavelength lattice spacing, the radiative
linewidth of the PMM mode γM narrows with the system
size. Because it radiates only weakly [30], the PMMmode
can be used as a collective dark-mode in CAIT. For ex-
ample, in a 33×33 array of split rings separated by half a
wavelength, cooperative interactions reduce γM fifty fold
[29]. An excited PME mode, on the other hand, radiates
with rate γE ≫ γM, scattering the field into the forward
and backward directions and reflecting the incident field.
We will show how a transmission resonance with an active
control forms via an interference that permits excitation
of the cooperatively narrowed PMM mode at the expense
of the PME mode.
We consider a 2D square lattice of identical ASRs
in the z = 0 plane with subwavelength lattice-spacing
a and lattice vectors a1 = aeˆx and a2 = aeˆy. The
ASR electric (magnetic) dipoles – produced by symmetric
(antisymmetric) current oscillations – are oriented along
dˆ = eˆy (mˆ = eˆz); Fig. 1. Each ASR, labeled by index ℓ
(ℓ = 1 . . .N), comprises two meta-atoms (circular arcs).
A meta-atom, labeled by index j (j = 1 . . . 2N), behaves
as a radiatively damped LC circuit which is driven by
the incident field and the fields emitted by all other meta-
atoms in the system [29]. We describe the current flow in
meta-atom j by a slowly varying complex amplitude bj.
(See Appendix A for technical details.) The meta-atom
resonance frequencies are centered on ω0. Owing to an
asymmetry in arc lengths, the resonance frequencies of
the right (j = 2ℓ) and left (j = 2ℓ − 1) meta-atoms in
each ASR are shifted by δω and −δω, respectively. The
oscillating electric and magnetic dipoles of each meta-
atom radiate at respective rates ΓE and ΓM.
To better understand how a collection of ASRs be-
haves in concert, we first examine a single, isolated ASR
of two interacting arcs. The dynamics of an ASR ℓ
can be described by the amplitudes of symmetric, cℓ,+,
and antisymmetric, cℓ,−, current oscillations, which are
given in terms of the meta-atom variables as cℓ,± =
(b2ℓ ± b2ℓ−1) /
√
2. These oscillations are eigenmodes of
a single symmetric split ring (SSR) (δω = 0) with the
radiative decay rates γ+ ≈ 2ΓE and γ− ≈ 2ΓM and reso-
nance frequencies ω0 ± δ.
In a single ASR the asymmetry shifts the resonance
frequencies of the left and right arcs. As a result, the
symmetric and antisymmetric oscillations are no longer
eigenmodes of a single ASR, and the evolution of those
oscillations becomes coupled
c˙ℓ,± = (−γ±/2∓ iδ) cℓ± − iδωcℓ,∓ + Fℓ,± , (1)
where Fℓ,± represents the external driving. An EIT-like
resonance of independently scattering ASRs requires that
γ∓ ≪ γ±. This would allow the dark mode (with lower
emission rate) to be highly excited so that the coupling
δω to the bright mode (with higher emission rate) de-
structively interferes with driving of the bright mode by
the incident field. In most experimental situations in-
volving ASRs [31, 36], however, γ+ and γ− are compara-
ble. An array of independently scattering ASRs therefore
cannot exhibit an EIT-like transmission resonance.
The situation differs, however, in a metamaterial ar-
ray of several ASRs that interact via scattered EM fields.
As a result of interactions, the system possesses collec-
tive modes of oscillation extended over the metamaterial.
To show how CAIT can emerge from these collective
modes, we construct an approximate phenomenological
model from the PME and PMM modes, the two collec-
tive modes that are phase matched with the incident field.
We use this model to analytically calculate the steady-
state reflectance and transmittance. The mode proper-
ties, the accuracy of the phenomenological model, and
the role of other collective modes in the metamaterial’s
EM response are numerically determined using the for-
malism introduced in Ref. [29]. These calculations fully
incorporate all dependent scattering processes [29, 37–
42] between the resonators to all orders. Applying the
formalism to a 2D array of ASRs [30] yielded a narrow-
ing of collective linewidths with system size that agreed
extremely well with experimental measurements of trans-
mission resonances [31].
In the analysis, we approximate the incident EM field
by a monochromatic plane wave and write the posi-
tive frequency component of the electric field amplitude
E
+
in(r, t) = E eˆyeikin·r−iΩt, where eˆy and kin = keˆz
(k = Ω/c) denote the polarization and wavevector, re-
spectively. The collective dynamics of the full meta-
material system, described by meta-atom variables b ≡
(b1, b2, . . . , b2N−1, b2N)
T , is governed by [29, 30]
b˙ = Cb + F(t), C = CSSR − iδωA . (2)
In the radiative dynamics of the meta-atoms, described
by C, we separate the contributions of CSSR and iδωA, so
that the matrix CSSR describes the collective dynamics
of the metamaterial in the absence of asymmetry (i.e. in
an array where all ASRs are replaced by SSRs), and δωA
accounts for the resonance shifts of the individual meta-
atoms due to the asymmetry of the ASRs. The diago-
nal elements of the interaction matrix CSSR j,j = −Γ/2,
where Γ ≡ ΓE + ΓM, represent decay rates and its off-
diagonal elements interactions mediated by the scattered
EM field. The asymmetry in the ASRs shifts the meta-
3atom resonance frequencies by ±δω. The sign of the fre-
quency shift for a given meta-atom is contained in the
diagonal matrix A = diag(−1, 1, . . . ,−1, 1); the alternat-
ing signs of the elements indicate that the asymmetry
shifts the frequencies of each side of the ASR in opposite
directions. As a result of the incident wave, each element
j also experiences a driving Fj = F0 exp[i(k · r − ∆t)],
∆ ≡ Ω− ω0, with uniform amplitude F0.
In the following analysis, it is beneficial to consider the
collective modes that are eigenvectors of CSSR, i.e., eigen-
modes of a metamaterial in the absence of meta-molecule
asymmetries. Of particular interest among the collec-
tive modes are the PME and PMM modes with phase-
coherent electric and magnetic dipole excitations, respec-
tively. The incident wave, whose electric field is parallel
to the ASR electric dipoles, drives the PME mode. Since
the incident wave’s magnetic field is perpendicular to the
ASR magnetic dipoles, the PMM mode is not directly
driven. The asymmetry, however, couples the collective
modes to each other in a way similar to how it couples
the symmetric and antisymmetric oscillations of a single
isolated ASR (See Appendix B). The phases and ampli-
tudes of the electric dipoles in the PME mode closely
match those of the magnetic dipoles in the PMM mode.
Because of this mode matching, the asymmetry couples
the PME and PMM modes more strongly to each other
than to any other mode in the system. We therefore
initially ignore coupling of other collective modes to the
PME and PMM modes. (This is later justified by the full
numerical calculation and in Appendix B.) The dynamics
is therefore approximated by,
c˙E =(−iδE − γE/2) cE − iδωcM + fE (3a)
c˙M =(−iδM − γM/2) cM − iδωcE, (3b)
where the subscripts E and M refer to PME and PMM
modes, respectively (excitation amplitudes cE,M, reso-
nance frequency shifts δE,M, decay rates γE,M, and driv-
ing fE). Equations (3a) and (3b) are similar to those that
describe the dynamics of atomic coherences in EIT [3].
Namely, when the system is driven on resonance with the
PMM mode and (δω)2 ≫ γMγE, the PMM mode is ex-
cited and the asymmetry induced coupling between the
PMM and PME destructively interferes with the driving
of the PME mode to prevent its excitation.
In the calculation of the transmittance and reflectance
we consider the field scattered from the resonators in
the forward, eˆz, and backward, −eˆz, directions in the
far field. We assume an absorbing planar barrier is
placed around the metamaterial array so that the in-
cident field can propagate through the array, but not
around it, yielding the diffracted far field component of
the incident field in the forward direction, EI ≡ dˆ ·EI(eˆz)
(See Appendix C). Both the incident and the scattered
fields ES(±eˆz) are polarized along the meta-atom elec-
tric dipoles. Therefore, we define the transmittance and
reflectance amplitudes as T = (EI + dˆ · ES(eˆz))/EI and
R = dˆ ·ES(−eˆz)/EI (See Appendix C).
Array Size δω/Γ δE/Γ γE/Γ δM/Γ γM/Γ
small: 11× 11 0.1 0.76 1.5 0.57 0.034
medium: 41× 41 0.1 0.79 1.5 0.56 3.0× 10−3
large: 205× 205 0.02 0.79 1.5 0.56 1.2× 10−4
TABLE I. The ASR asymmetries and the PME and PMM
mode properties of the 2D ASR arrays used to demonstrate
CAIT. The linewidth γM varies inversely with the size of the
array.
We first estimateR and T in a phenomenological model
by solving the steady-state response of Eqs (3) and as-
suming a uniformly excited array. This simplified ap-
proach is then compared with a full numerical solution
of Eq. (2) that incorporates all collective modes and the
finite-size effects. In the phenomenological uniform mode
approximation (See Appendix E), we find
R =
R0γE/2 [γM/2− i (∆− δM)]
(δω)2 − (∆− δE + iγE/2) (∆− δM + iγM/2) , (4)
and T = 1 + R, where R0 = −3(ΓE/γE)/[2π(a/λ)2]
is the reflectance of the system on resonance with the
PME mode when δω = 0, and λ ≡ c/(2πω0). The phe-
nomenological model (4) depends on the parameters of
the collective modes PME and PMM, γE,M and δE,M,
that may be calculated numerically (See Appendix E 3).
Some example values are given in Table I. To illustrate
the cooperative nature of CAIT, we here examine the
transmission properties of three different sized arrays: a
small (11×11), medium (41×41), and large (205×205).
All have lattice spacing a = 0.4λ, ΓE = ΓM, and are
composed of ASRs whose meta-atoms are separated by
u = 0.18λ.
Figure 2 shows that, in the medium array, the uniform
mode approximation reproduces the qualitative behavior
of the full model [Eq. (2)]. This correspondence indicates
that the PME and PMMmodes play the dominant role in
governing the array’s transmission properties. The dis-
crepancy arises due to finite-size effects in the full model,
which, for example, allow the excitation of modes other
than the PME and PMM modes.
Comparing the transmission spectra in Fig. 2, one finds
that the medium and large arrays support CAIT, while
the small array does not. When γM ≪ (δω)2/γE, as
in the medium and large arrays, excitation of the PME
mode is suppressed in a range of frequencies around the
PMM resonance (See Appendix E). This suppression re-
duces reflection, opening a transparency window. Equa-
tion (4) indicates that resonant driving of the PMMmax-
imizes the intensity transmittance when |δE − δM| ≪ γE.
The quality, or inverse spectral width, of the resonance
increases in proportion to (δω)−2 (See Appendix F). But
the condition γM ≪ (δω)2/γE imposes an upper bound
on the achievable quality, as illustrated by the lack of a
transparency window for the small array.
In contrast to EIT, the decay rate of the cooperative
dark mode asymptotically scales as γM ∼ 1/N with the
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FIG. 2. (Color online) (a) The intensity transmittance |T |2
and (b) the phase delay arg(T ) of the small ASR array in the
full model (dot-dashed green line), the medium array in the
full model (solid blue line), the medium array in the uniform
mode approximation (dashed blue line), and the large array in
the uniform mode approximation (thin black line). Simulta-
neously increasing the array size and reducing the asymmetry
narrows the CAIT resonance.
number N of ASRs [30]. This permits one to narrow
the transparency window by designing an array with a
greater N and reduced δω, even when the constituent
resonators individually would exhibit broad linewidths.
On PMM resonance, Eq. (4) implies that the minimum
asymmetry required to suppress R below a given level
δωmin ∝ √γM (See Appendix F). Hence the maximum
attainable quality factor [∝ (δω)−2] of the transparency
window increases in proportion to N and is eventually
only limited by nonradiative losses, resulting in very
sharp resonances with high modulation depths. For ex-
ample, from the asymptotic expressions of γE,M and δE,M
(See Appendix E 3) we can deduce that simultaneously
quintupling the side lengths of an array and reducing δω
by a factor of five narrows the resonance from about Γ/40
to Γ/1000 (Appendix D), while maintaining the peak
transmittance (Fig. 2).
The sharp transmission resonance exhibits a consider-
able phase delay ϕ(∆) ≡ arg(T (∆)) on ∆. According
to numerics a pulse resonant on the PMM mode passing
through the 41×41 sample would experience a group de-
lay of τg ≡ dϕ/d∆|∆=δM ≈ 47/Γ. The delay is further
enhanced in the large array owing to linewidth narrowing
and we estimate τg ≈ 1600/Γ in the phenomenological
model.
Dynamically reconfiguring the metamaterial geometry
[34, 35] provides an active control mechanism for the
transparency. To illustrate this, we split the medium
array into two interleaved sublattices with lattice vectors
a1 = 2aeˆx and a2 = aeˆy. The lattices are displaced
from one and other by aeˆx + δR so that for δR = 0,
the ASRs form a square lattice. Figure 3 shows how
distorting the lattice alters the transmission resonance.
Displacing the sublattices by δR = −0.1λeˆz generates a
relative shift of about 0.5Γ between the PME and PMM
resonances, almost entirely eliminating the transparency.
A fast control of metamaterial arrays [35], together with
the sensitivity of cooperative resonances to the specific
resonator configuration, could potentially open possibili-
ties for stopped pulse and light storage applications [5].
0.2 0.8
0
1
∆/Γ
|T|
2 |, 
|R|
2
(a)
0.2 0.8
0
1
∆/Γ
(b)
FIG. 3. (Color online) The effect of reconfiguring the metama-
terial geometry on the transmission resonance. The intensity
transmittance (solid line) and intensity reflectance (dashed
line) are calculated for a (a) 41 × 41 2D array and (b) a lat-
tice in which the two sublattices are shifted by δR = 0.1eˆz .
Calculations account for excitation of and scattering from all
collective modes. The vertical dashed lines indicate the PMM
resonance.
In conclusion, we proposed a controllable mechanism
to produce a cooperative transmission resonance CAIT.
Whereas standard EIT can be described by independent
emitters, CAIT relies on a cooperative response of the
metamaterial. A transmission resonance forms when a
subradiant collective mode, acting as a dark state, is ex-
cited at the expense of the mode that most efficiently
couples to an incident EM field. Since the lifetime of the
dark PMM mode increases with size of the array [30],
the attainable quality of the resonance scales in propor-
tion with the number of resonators in the metamaterial.
For large arrays, only nonradiative decay, which could be
incorporated into the analysis using a phenomenological
parameter [30], limits the attainable quality factor of the
resonance. In low-loss materials, such as superconduct-
ing metamaterial arrays [43–48], the nonradiative decay,
however, can be suppressed.
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Appendix A: Asymmetric split rings in the
metamaterial array
We base our analysis of the CAIT response on a gen-
eral formalism we developed [29] to describe collectively
interacting metamaterial arrays of magnetodielectric res-
onators. When applied to 2D arrays of strongly coupled
asymmetric split rings (ASRs), this model yielded an ex-
cellent agreement [30] with the experimental transmis-
sion resonance measurements in Ref. [29].
To show how CAIT arises from cooperative phenom-
ena, we consider an ensemble of N identical ASRs, each
composed of two circular arcs, or meta-atoms (see Fig. 1),
5lying on or near (within a tenth of a wavelegth) of the
z = 0 plane. The meta-atoms are labeled by indices j
(j = 1, . . . , 2N) such that ASR ℓ (ℓ = 1, . . . , N) com-
prises meta-atoms 2ℓ − 1 and 2ℓ. Although, in general,
each meta-atom j occupies an area comparable to that of
the metamaterial unit-cell [31], we can produce the qual-
itative behavior of an ASR by approximating meta-atom
j as a point source for the electromagnetic (EM) field at
position rj , where the arcs of an ASR are separated by
u ≡ r2ℓ − r2ℓ−1 ≡ uuˆ [30]. In this work, we assume the
ASRs are oriented such that uˆ = eˆx.
We assume each meta-atom j supports a single mode of
current oscillation that behaves as an effective LC circuit
with resonance frequency ωj [29]. If the split rings were
symmetric, the individual meta-atoms would have identi-
cal resonance frequencies ωj = ω0. An asymmetry in the
arc lengths shifts the meta-atom resonance frequencies
by δω so that for ASR ℓ
ω2ℓ−1 = ω0 − δω , (A1a)
ω2ℓ = ω0 + δω . (A1b)
Oscillating currents in meta-atom j produce an electric
dipole dj(t) = dj(t)dˆ and magnetic dipole mj(t) =
mj(t)mˆj , where dj and mj are the electric and mag-
netic dipole amplitudes, respectively. The resulting elec-
tric and magnetic dipole radiation damps current oscilla-
tions in the meta-atom at rates ΓE and ΓM, respectively
[29]. All ASRs in the array have the same orientation
so that every meta-atom’s electric dipole points in the
direction dˆ ≡ eˆy. The magnetic dipole directions mˆj,
on the other hand, are oriented so that identical current
flows in an ASR produce opposite magnetic dipoles in
its constituent meta-atoms. That is, the right (j = 2ℓ)
and left (j = 2ℓ−1) meta-atoms in ASR ℓ have magnetic
dipole orientations mˆ2ℓ = −mˆ2ℓ−1 ≡ mˆ = uˆ×dˆ = eˆz. In
this way, identical current flows in an ASR’s meta-atoms
produce an electric dipole, while equal and opposite flows
produce a magnetic dipole. The dynamics of the oscil-
lating dipoles within each meta-atom j are described by
the slowly varying normal variable [29]
bj(t) =
√
k30
12πǫ0
(
dj(t)√
ΓE
+ i
mj(t)
c
√
ΓM
)
, (A2)
where k0 ≡ ω0/c.
Appendix B: Asymmetry induced coupling of
collective modes
In this appendix, we show how the asymmetry in the
ASRs couples collective modes of the system. Of par-
ticular importance to CAIT are the phase matched elec-
tric (PME) mode, in which all electric dipoles oscillate in
phase, and the phase matched magnetic (PMM) mode, in
which all magnetic dipoles oscillate in phase. The PME
mode is phase-matched with EM plane-waves propagat-
ing perpendicular to the array and can be easily excited
by an incident field. For ASRs in a square lattice, we
show that the PME and PMM modes couple almost ex-
clusively to each other. This exclusivity yields the sim-
plified response of the PME and PMM modes described
by Eqs. (3).
To describe the dynamics of the metamaterial compris-
ing an ensemble of ASRs, we employ the column vector
of normal variables,
b(t) =


b1(t)
b2(t)
...
b2N−1(t)
b2N (t)


. (B1)
We associate collective modes of the system with eigen-
vectors of CSSR, i.e., eigenmodes of a metamaterial where
all ASRs are replaced by symmetric split rings (SSRs).
The nth collective mode corresponds to the eigenvector
vn of the interaction matrix CSSR normalized such that
vTmvn = δmn. The state b(t) can be expanded as
b(t) =
∑
n
cn(t)vn, (B2)
where cn(t) ≡ vTnb(t) is the amplitude of the collective
mode n. By expressing b in the basis of collective modes
{vn : n = 1, . . . , 2N}, we find that the asymmetry results
in the evolution of the amplitudes,
c˙n = (−iδn − γn/2) cn−iδω
∑
m
cm
(
vTnAvm
)
+fn , (B3)
where δn and γn are the frequency shift and decay rate
of mode n, corresponding to the nth eigenvalue of CSSR.
The matrix element
(
vTnAvm
)
represents the coupling
between modes m and n, caused by the asymmetry.
We identify the PME (PMM) mode as the eigenvector
of CSSR that most resemble all electric (magnetic) dipoles
oscillating in phase with equal amplitudes [30]. The cou-
pling between the PME amplitude cE and the PMM am-
plitude cM, given by v
T
MAvE, can dominate over their
coupling to other modes for particular arrangements of
ASRs. For example, in the 41× 41 (medium) array con-
sidered in the main text, the asymmetric coupling coeffi-
cient is
∣∣vTMAvE∣∣ ≈ 0.9993 and the maximal coupling of
the PME and PMM modes to other collective modes is
vTnAvE, vTnAvM < 0.04 for n /∈ {E,M}. The PME and
PMM modes thus obey the simplified dynamics given by
Eqs. (3).
In sum, if the incident field does not directly drive any
other modes, the near exclusive coupling of the PME and
PMM modes to each other forms an effective two-mode
system for the metamaterial. This further justifies the
use of the phenomenological model in the main text.
6Appendix C: Scattered light, transmittance and
reflectance
To analyze the light scattering properties of the array,
including its reflectance and transmittance, we consider
a plane wave of frequency Ω impinging on the array with
positive frequency component
E
+
in(r, t) = dˆEei(kz−Ωt) , (C1)
where k ≡ Ω/c, and E is the electric field amplitude. The
incident wave is detuned from the central meta-atom res-
onance frequency by ∆ ≡ Ω− ω0. According to Eq. (2),
driving by the incident wave induces a cooperative re-
sponse of the array. The oscillating electric and magnetic
dipoles emit a scattered field ES.
So as to consider the transmittance through the meta-
material array, we assume a 2D barrier is placed around
the array in the z = 0 plane so that fields can propagate
through the array, but not around it. We denote the
incident field that would diffract through the barrier if
the array were not present as EI. The field transmitted
through the array (z > 0) is then ET ≡ EI+ES. On the
other hand, the field reflected from the array (z < 0) is
determined only by the scattered field ES.
For simplicity, we analyze the diffracted and scattered
fields in the far field, observed a distance R from the
metamaterial much greater than the spatial extent of the
array. Here, we define the far field amplitude E(kˆ,Ω) of
the electric field along the direction kˆ (with wavevector
k = kkˆ) such that the positive component of the electric
field at Rkˆ,
E
+(Rkˆ, t) ≈ e
i(kr−Ωt)
kR
E(kˆ,Ω). (C2)
According to Fraunhofer diffraction [49], the diffracted
incident field then reads
EI(kˆ) = −ik2
(
kˆ× eˆx
) 1
2π
∫
A
dxdy Ee−ik·r⊥ , (C3)
where A is the area of the aperture, and r⊥ ≡ xeˆx+ yeˆy.
The barrier that surrounds an Nx ×Ny lattice centered
at the origin contains an Nxa×Nya rectangular aperture
where a is the lattice spacing. From Eq. (C3), the forward
diffracted component of the incident field through such a
barrier is therefore given by
EI(kˆ) = −iNE (ka)
2
2π
(
kˆ× eˆx
) ∏
j=x,y
sinc
(
Njkja
2
)
,
(C4)
The scattered fields, on the other hand, result from
electric and magnetic dipole radiation emitted by the
meta-atoms. Their far-field components are given by [49]
ES(kˆ,Ω) =
k3
4πǫ0
kˆ×
2N∑
j=1
[(
d˜j × kˆ
)
− m˜j
c
]
e−ik·rj ,
(C5)
where d˜j ≡ eiΩtd+j and m˜j ≡ eiΩtm+j are the slowly
varying electric and magnetic dipoles, respectively, of
meta-atom j. From Eq. (A2), which relates the elec-
tric and magnetic dipoles to the amplitudes bj , we can
express the scattered far field amplitude as
ES(kˆ,Ω) = −
√
3k3
16πǫ0
kˆ×
2N∑
j=1
[√
ΓE
(
kˆ× dˆ
)
+i(−1)j
√
ΓMmˆ
]
bj(∆)e
−ik·rj . (C6)
In this work, we define the reflectance and transmit-
tance in terms of the backward (kˆ = −eˆz) and forward
scattered (kˆ = eˆz) fields, respectively. Since the electric
dipoles and incident field are oriented along dˆ = eˆy, and
the magnetic dipoles are parallel to eˆz, the forward and
backward scattered fields will be polarized along dˆ. We
therefore define the forward transmittance and backward
reflectance as
R ≡ dˆ · ES(−eˆz,Ω)
dˆ · EI(eˆz)
, (C7a)
T ≡ dˆ · (EI(eˆz) +ES(eˆz,Ω))
dˆ ·EI(eˆz)
, (C7b)
One could similarly define the reflectance and transmit-
tance amplitudes in terms of the incident and scattered
fields integrated over some solid angle about ±eˆz. We
have checked that in the numerical simulations discussed
in the text, integration over a sufficiently small solid an-
gle does not alter the phase or amplitude dependence of
the transmitted and reflected fields.
Appendix D: Characterizing a transmission
resonance
For a given transmittance amplitude T (∆), a transmis-
sion resonance occurring at δT is characterized by peak
transmittance |T (δT)|2, resonance width w, and group
delay τg of a resonant pulse passing through the meta-
material.
To determine the resonance width, we can approximate
the intensity transmittance |T (∆)|2 to second order in
∆−δT by a Gaussian of height |T (δT)|2, and full width at
half max (FWHM) w. Comparing the Taylor expansions
of the two, we have
|T (∆)|2 ≈ |T (δT)|2 + 1
2
d|T |2
d∆2
∣∣∣∣
∆=δT
(∆− δT)2
≈ |T (δT)|2 exp
(
− log 24 (∆− δT)
2
w2
)
, (D1)
where the FWHM of the Gaussian is
w =
√
− 8(log 2)|T (δT)|
2
d|T |2/d∆2|∆=δT
. (D2)
7In this work, we estimate the width of the resonance to be
the FWHM w of the Gaussian that best fits the intensity
transmittance near the peak.
The group delay τg of a resonant pulse passing through
the metamaterial is determined by the phase of the trans-
mittance amplitude arg(T ). Specifically,
τg ≡ d
d∆
argT (∆)
∣∣∣∣
∆=δT
= −i 1
T
dT
d∆
∣∣∣∣
∆=δT
(D3)
Appendix E: The uniform mode approximation for
scattering from a planar array
We use the phenomenological two-mode model
[Eq. (3)] to estimate the reflectance and transmittance
from a uniformly excited planar array of ASRs in which
case we neglect boundary effects. We refer to this as-
sumption as the uniform mode approximation. For the
uniform PME and PMMmodes the frequency shifts δE,M,
collective decay rates γE,M, and asymmetry δω fully de-
scribe the cooperative response to an incident plane wave.
We consider an Nx × Ny (N = NxNy) square lattice
of ASRs with lattice spacing a and lattice vectors a1 =
aeˆx and a2 = aeˆy. In the uniform mode approximation,
The PME and PMM modes consist of uniformly excited
electric and magnetic dipoles, respectively. Explicitly,
these modes correspond to the vectors
vE =
1√
2N


1
1
...
1
1


, vM =
1√
2N


−1
1
...
−1
1


. (E1)
The alternating signs in vM indicate that the currents
in each ASR flow out of phase with each other in the
PMM mode, while in the PME mode all currents flow
in phase. In the uniform mode limit, an incident plane
wave propagating perpendicular to the array can only
drive the PME mode, while the asymmetry couples the
PME and PMM modes only to each other. As such,
the metamaterial response to a field of frequency Ω =
ω0 +∆ is given by the Fourier components of the mode
amplitudes as
b(∆) = cE(∆)vE + cM(∆)vM. (E2)
1. The scattered field in the far field from the
steady state metamaterial response
The scattered EM fields are generated by the excita-
tions of the resonators. Each resonator acts as a source
of scattered radiation and the regular metamaterial ar-
ray produces a field pattern of a diffraction grating. In
the uniform approximation the excitations are described
by Eq. (E2). The sum over the meta-atoms in the scat-
tered field expression (C6) therefore considerably simpli-
fies. We obtain in the limit k ≈ k0
ES(kˆ,Ω) = −
√
3Nk3
8πǫ0
D(k)kˆ×
[(
kˆ× dˆ
)√
ΓEgE(kˆ) + imˆ
√
ΓMgM(kˆ)
]
. (E3)
The scattered field is modulated by the diffraction pat-
tern of N unit-cell resonators D(kˆ) = ∑ℓ e−ik·rℓ/N ,
where the summation runs over all ASRs ℓ at positions
rℓ. In the studied system we obtain the familiar field
amplitude of a 2D square array of Nx × Ny diffracting
apertures
D(kˆ) = sin(Nxkxa/2) sin(Nykya/2)
N sin(kxa/2) sin(kya/2)
. (E4)
Owing to the subwavelength lattice spacing a, only the
zeroth order Bragg peak (kx = ky = 0) exists. The cone
of the emitted radiation in the forward and backward
directions ±eˆz narrows as a function of the number of
unit-cell resonators N .
In Eq. (E3), gE(kˆ) and gM(kˆ) are, respectively, pro-
portional to the electric and magnetic dipole emission of
an ASR along direction kˆ. They are given in terms of
collective mode amplitudes by
gE(∆, kˆ) = cE cos
(
k · u
2
)
− icM sin
(
k · u
2
)
, (E5a)
gM(∆, kˆ) = cM cos
(
k · u
2
)
− icE sin
(
k · u
2
)
. (E5b)
In the limit |k · u| ≪ 1, the scattered electric (magnetic)
dipole radiation is almost solely generated by the PME
(PMM) mode. The small mixing of these two contri-
butions results from the finite separation u of the two
meta-atoms in each unit-cell resonator.
We calculate the scattered fields from the steady-state
solution of Eqs. (3),
cE =− i ZM(∆)
(δω)2 − ZE(∆)ZM(∆)fE, (E6a)
cM =
δω
ZM(∆)
cE, (E6b)
where for each mode n, we have defined
Zn(∆) ≡ ∆− δn + iγn. (E7)
The PME and PMM amplitudes are both proportional
to the driving fE(∆), which is given by
fE(∆) = i
√
6πǫ0
k3
√
ΓENE . (E8)
Having solved the steady-state response of PME mode
amplitude [Eq. (E6a)] and the scattered fields emitted
8by an excited PME mode [Eq. (E3)], one finds that the
incident plane wave produces the forward and backward
scattered fields
ES(±eˆz,Ω) = dˆ3NΓE
2
E ZM(∆)
(δω)2 − ZE(∆)ZM(∆) , (E9)
2. Reflectance and transmittance
One obtains the transmittance and reflectance by com-
paring the scattered fields to the forward propagating
component of the incident field, EI(eˆz) [Eq. (C3)]. The
reflectance associated with the backward scattered field
[Eq. (C7a)] and the transmittance of the forward scat-
tered field [Eq. (C7b)], in the uniform mode approxima-
tion, are given by
R =
R0γE/2 [γM/2− i (∆− δM)]
(δω)2 − (∆− δE + iγE/2) (∆− δM + iγM/2) ,
(E10)
T = 1 +R , (E11)
where
R0 = −3(ΓE/γE)
2π(a/λ)2
(E12)
is the reflectance of the system on resonance with the
PME mode when the split rings are symmetric (δω = 0),
and λ ≡ c/(2πω0).
Equation (E6a) indicates that, when cooperative ef-
fects reduce γM far below (δω)
2/γE, a field resonant on
the PMM mode does not excite the PME mode. Rather,
the PMM mode is excited, and the asymmetry induced
coupling between the PME and PMM modes destruc-
tively interferes with the driving of the PME mode by
the incident field. The PME mode remains unexcited,
and the scattered field and reflection are suppressed as
indicate by Eq. (E10). A transmission resonance there-
fore forms when γM ≪ (δω)2/γE.
3. Collective mode resonance linewidths and line
shifts
To determine the EM response of the array in the uni-
form mode approximation, one only needs in Eq. (E10)
collective line shifts δE,M and linewidths γE,M of PME
and PMM modes. In the case of cooperative interac-
tions, these depend on the number of resonators N in
the system. In Fig. 4, we show numerically calculated
δE,M and γE,M as a function of N . These are evaluated
by diagonalizing CSSR appearing in Eq. (2). Here δE,M
and γE rapidly reach their approximate asymptotic val-
ues for array sizes around N ≃ 1000. Identifying the
asymptotic behavior allows an efficient calculation of the
collective mode parameters, the transmittance, and re-
flectance in the phenomenological uniform model even
for large arrays.
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FIG. 4. The collective decay rates (a) and collective resonance
frequency shifts (b) of the PME (solid blue lines) and PMM
(dashed green lines) modes as functions of N the number of
ASRs in a square lattice (Nx = Ny ; a = 0.4λ; ΓE = ΓM;
u = 0.18λ). The decay rate γE of the PME mode and the
shifts δE and δM asymptotically approach constant values for
sufficiently large N . The decay rate of the PMM mode γM ∝
1/N for large N .
The asymptotic value of γE can also be determined an-
alytically in an infinite array of SSRs (δω = 0) with sub-
wavelength lattice spacing a. In such a system, the PME
mode emits only in the forward and backward directions,
corresponding to the zeroth order diffraction peak. In the
absence of Ohmic losses, energy conservation therefore
requires |R|2 + |T |2 = 1 in an infinite array. Therefore,
according to Eqs. (E10) and (E11), an incident wave res-
onant on the PME mode would experience a reflectance
amplitude R0 = −1. At the same time Eq. (E12) relates
R0 to the collective decay rate γE, which then implies
lim
N→∞
γE =
3
2π(a/λ)2
ΓE. (E13)
This precisely corresponds to the asymptotic value of γE
for large array sizes shown in Fig. 4.
The radiative decay rate γM of the PMM mode, on the
other hand, asymptotically approaches zero. Since the
magnetic dipoles are perpendicular to the array, they do
not emit in the forward and backward directions, but as
the array size increases, interference of radiation from the
various meta-atoms diminishes PMM emission in other
directions. The PMM mode therefore has zero emission
in an infinite array. This finding is consistent with Fig. 4
which shows that asymptotically γM ∝ 1/N , and the
value of γM can also be extrapolated for large arrays.
Appendix F: Narrowing of the transmission
resonance
In this appendix, we show how increasing the size of
the metamaterial array allows one to narrow the spectral
width of the transmission window and increase the group
delay of a pulse passing through the array. For simplic-
ity, we assume δM − δE ≪ γE so that we can neglect
any difference between the PME and PMM resonance
frequencies. We further assume that the array is suffi-
ciently large that γE can be approximated by its asymp-
totic value [Eq. (E13)] so that R0 ≈ −1. In doing so,
9one finds that a local maximum in transmittance occurs
on PMM resonance. The reflectance amplitude on PMM
resonance is thus,
R(δM) ≈ − γEγM/4
(δω)2 − γEγM/4 (F1)
When the asymmetry of ASRs satisfies (δω)2 ≫ γEγM,
reflectance on PMM resonance is suppressed, and trans-
mittance is enhanced.
To determine the properties of the transmission win-
dow, we assume the asymmetry is large enough so that
one can express the transmittance properties to zeroth
order in γEγM/(δω)
2. Expanding T in ∆− δM one finds
T (∆) ≈ 1+ i
2
γE (∆− δM)
(δω)2
− 1
4
(
γE (∆− δM)
(δω)2
)2
. (F2)
The width of the transmission window is determined
by the intensity transmittance |T |2, which can be ap-
proximated near PMM resonance using Eq. (F2). From
Eq. (D2), one finds the approximate resonance width
w = 4
√
log 2
(δω)2
γE
. (F3)
The quality, or inverse spectral width, of the transmis-
sion resonance therefore varies as 1/(δω)2. Similarly, the
group delay is approximated by [Eq. (D3)]
τg =
γE
2(δω)2
(F4)
The group delay thus also scales with 1/(δω)2.
Since both the quality of the transmission window and
the group delay of a resonant pulse scale inversely with
(δω)2, one could increase both quality and group delay
by reducing the asymmetry. If δω becomes too small,
however, the intensity transmittance on PMM resonance
decreases. To lowest order in γEγM/(δω)
2, deviation of
the peak transmittance from 1, ξ ≡ 1− |T (δM|2, is
ξ ≈ 1
2
γEγM
(δω)2
. (F5)
Thus, even as a smaller δω enhances the resonance qual-
ity and group delay of a resonant pulse, it reduces the
peak transmittance. To ensure the peak transmittance
remains sufficiently high, we define a maximum tolera-
ble deviation ξmax ≪ 1 such that γEγM/[2(δω)2] < ξmax.
This imposes a lower bound on the degree to which δω
can be reduced while still maintaining the transmission
resonance
(δωmin)
2 >
γEγM
2ξmax
. (F6)
But, as Fig. 4 illustrates, γM ∝ 1/N , decreasing as the
array gets larger. One can therefore decrease the lower
bound on (δω)2 by increasingN . For example, to quadru-
ple the resonance quality and group delay while maintain-
ing the peak transmittance, one would simultaneously
quadruple the number of ASRs (doubling the side lengths
of the array) and halve the asymmetry δω.
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